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7.3 Two-Sample Hypothesis Testing

In the section, unless specified otherwise, let {X;};"] and {Y;}72] be two random samples that
are independent with one another and with population means py, py as well as population
variances 0% 0% respectively (and drawn from the populations specified (if ever) in each of
the following particular situations ).

Proposition 7.3.1.

o L o2 o2
E(X-Y)=px—py and V(X -Y)= X+ X,
nx ny

e Proof idea: Direct calculation by property of linear combinations.

Method 7.3.2. Test about mean difference of two normal populations N (px, 0% ) and N (uy,02)
with 0% and 0% both known.

1. Here, following our routine applied in the previous one-sample tests, we work on the
following three pairs of hypotheses:
(a) Ho: px —py = Ap, Hat px - py # Ap,
(b) Ho: px —py <Ap, Hat px = pry > Ap, and
(c) Ho: px —py 2 Ap, Ha: px — py <Ap.

2. By property of random sample and linear combination of normal r.v.’s,

X_}_/_(MX—MY) NN(O,I)

e With the test statistic and the sampling distribution above, we can

— proceed with the test by following the corresponding subsequent procedures
listed in Method 7.2.1, and

— construct CIs for the mean difference accordingly.

Method 7.3.3. Test about mean difference of two populations with means py, py, unknown
variances 0% 0%, and large sample sizes.



1. Similar to the previous situation, we work on the following three pairs of hypotheses:
(a) Ho: px —py = Ap, Hat px = piy # Ap,
(b) Ho: px —py <Ap, Ha: px —py > Ap, and
(c) Ho: px —pry 2 Ap, Hat pix = py < Ap.
2. By a CLT, approximately (or, rigorously, in the limit),
X -V~ (px — )

%, 5%
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~ N(0,1).

e With the test statistic and the sampling distribution above, we proceed with the
test by following the corresponding subsequent procedures listed in Method 7.2.2.

e Again, we can directly replace S?’s with o?’s if the population variances are known.

e However, in cases for Bernoulli populations, we can no longer follow the large-
sample method analogous to the one-sample situation because the hypotheses
here are only about the difference between the success probabilities of the two

populations, while the variance associated with the test statistic yielded from a
CLT is

px( - px)  py(1-py)
nNx ny ’

which depends on the exact (separate) values of the success probabilities.

— Therefore, the test statistic and sampling distribution in a two-sample Bernoulli
case would have to be

X-Y - (px—py)
X(1-X) , Y(1-Y)
VARG

Y

~ N(0,1).

Method 7.3.4. Test about mean difference of two normal populations N (px, 0% ) and N (uy,02)
with 0% and 0% both unknown but assumed to be equal and small sample sizes.

e Because it is assumed that ox = oy = o, an estimator of the variance of the newly
combined sample from X’s and Y's is

_ (nX - 1)S§( + (ny - 1)532/

nx+ny—2
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and following the manner of Proposition 5.6,

(TLX + Ny — 2)82 2
~ an+ny—2'
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e Then, combined with

X-Y-(px-py) _X-Y - (px - py)
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again following the manner of Proposition 5.6,

XY = (pux = py)
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which are the test statistic and sampling distribution according to which we could
do the test.

— (Not required) In cases where oy # oy, a method, namely Welch-Satterthwaite
method, gives the following test statistic and sampling distribution:

X-Y - (ux-py)
Sk, 5%

nx ny
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where , ,
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(_X + _Y)2
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Definition 7.3.5. Let K; ~ Xil and Ky ~ Xig be independent, then a r.v. F'is said to follow
a F' distribution with k; and ky degrees of freedom, denoted as F' ~ Fy, j,, if

F=r

e The pdf of Fj, , extends from 0 to +oo and is positively skewed, and its exact shape
depends on the values of & and k».

e The 100(1 — a)*" percentile of Fj, x, is conventionally denoted as F,, x, - and such
Fy ki k,’s are usually referred to as F' critical values.

- F =1
1-a,ka,k1 Faky kg

Proposition 7.3.6. For two independent random samples {X;};"{ and {¥;}}?} drawn from
N(px,0%) and N(uy,o0?) respectively,



e Proof: not required.

Method 7.3.7. Test about variance ratio of two normal populations N (ux, 0% ) and N(uy, 0%).

1. In this situation, we work on the following three pairs of hypotheses:

0'2 0'2

(a) Ho: 5 =p, Ha: 33 #p,
2 2

(b) Ho Z-%Y(S/), Hy: Z—%{>P, and
0'2 0'2

(c) Hy ﬁzp, Hy: é<p.

2. By Proposition 7.3.6, the test statistic and sampling distribution usable in this case is

3. For each pair of hypotheses, the rejection region is constructed in the following manner
(with cv’s standing for critical values):

0'2 0'2
(a) Ho: 5 =p, Ha: 23 #p.
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Meanwhile, we can also get the relevant 1 -« confidence intervals (of ) in each
Y
of the situations above.
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(a) [S%F%,nxfl,nyfl’ S%/Flf%,nxfl,nyfl ’
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(b) [S%/Fa,n)ffl,nyfl ’ +oo)

(c) (0 e —"
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Example 7.A: Normal Population, Known Variances

Consider a sports equipment manufacturer whose 2-1b dumbbells are with weights normally
distributed with mean px and variance 0.0016 (unit: 1b). Also, its 4-Ib dumbbells are with
weights normally distributed with mean py and variance 0.0025 (unit: 1b). A random sample
of 2-1b dumbbells of sample size 32 and another random sample of 4-1b dumbbells of sample
size 50 are obtained from the manufacturer with sample means X = 2.002 and Y = 4.003
(unit: 1b), and the two samples are independent from one another.

Write down the null and the alternative hypotheses for a researcher who hopes to test
that the weight of the 4-1b dumbbells is exactly heavier than that of the 2-1b dumbbells
by 2 1bs. Can we reject the null at significance level a = 10%7?

Note: We will need some of the following z critical values in this problem: zyq, = 1.2816,
20.05 = 16449, 20.025 = 1.96.



Example 7.B: Large Sample, Unknown Population

Consider two assembly line of a chip manufacturer. One of the assembly lines is old, whose
hourly output is with mean py and variance o%. The other assembly is new, whose hourly
output is with mean py and variance 0. The population means and variances above are
all unknown. A random sample of hourly outputs of the old assembly line with large sample
size 300 is obtained from the assembly line, which is with sample mean X = 1800 and sample
variance S% = 27, and another random sample of hourly outputs of the new assembly line
with large sample size 400 is obtained from the assembly line, which is with sample mean

Y =2000 and sample variance SZ = 64.

Write down the null and the alternative hypotheses for a researcher who hopes to test
that the hourly output of the new assembly line is higher than that of the old assembly
line by at least 300. Can we reject the null at significance level a = 5%7

Note: We will need some of the following z critical values in this problem: zy, = 1.2816,
20.05 = 16449, 20.025 = 1.96.



Example 7.C: Normal Population, Unknown Variances

Consider a city where pizza restaurants’ 10-inch pizzas are with diameters normally dis-

tributed with mean py and variance 0% (unit: inch) and the 12-inch pizzas of theirs are

with diameters normally distributed with mean py and variance o3 (unit: inch). The popu-
lation means and variances above are all unknown. A random sample of 10-inch pizzas with
sample size 9 is obtained from city, which is with sample mean X = 9.7 and sample variance
S% =0.0085, and another random sample of 12-inch pizzas with sample size 7 is obtained,

which is with sample mean Y = 11.8 and sample variance S% =0.012.

1. Suppose for THIS PART ONLY that a researcher believes that the population variance
of 10-inch pizzas equals that of 12-inch pizzas in the city and wants to test that the
diameter of 10-inch pizzas is no more than 2 inches shorter than that of 12-inch pizzas
in the city. Write down the null and the alternative hypotheses for him, and check
whether we can reject the null at significance level o = 10%.

Note: We will need some of the following t critical values in this problem:
t0.1,14 = 13450, t0.05’14 = 17613, t0‘025,14 = 21448

2. Suppose that the researcher now wants to test that the population variances of the two
sizes of pizzas are equal. Write down the null and the alternative hypotheses for him,
and check whether we can reject the null at significance level o = 5%.

Note: We will need some of the following F critical values in this problem:
Foos86 =415, Fois6=38.10, Foos6s =3.98, Foi6s=06.37.



